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A Counterexample to the ]
Hertz—Jabbour—Cerf Concavity Assumption

1 August 2026 | Preliminary note; priority not established

Abstract. Hertz, Jabbour, and Cerf proposed and numerically tested the concavity of a
covariance-corrected entropic uncertainty functional. We show that this functional is not
even midpoint concave on the set of one-mode quantum states. The two endpoint states are
centered Gaussian states; their equal mixture is non-Gaussian. The proof is analytic and uses
only the one-mode covariance physicality condition and the elementary entropy-of-mixtures
inequality. This invalidates the full concavity assumption used in their conditional argument,
but does not address the truth of the motivating entropy-power uncertainty inequality itself.

1. The concavity assumption

Work in units in which & = 1, so that [X, P] = i, and let all logarithms be natural. Put R = (X, P)T,
dj = Tr(oR;), and use the symmetrized covariance convention

1
(Yo)jk == 5 Tr[p {Rj—dj, Ry — d}]

For a one-mode state p in the natural domain of F, write ,(X) and h,(P) for the differential entropies
of its position and momentum marginals. Thus
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is its covariance matrix. Hertz, Jabbour, and Cerf [1] define

2 2

They assume, and numerically test, that for states p1, p2 in this domain and A € [0,1],
F(Ap + (1= AN)p2) = AF(p1) + (1~ A)F(p2). @

The original paper proves only a special case in which the two states have the same covariance
matrix [1, Appendix A.3]. The general statement is retained as Assumption (ii) in the later review by
Hertz and Cerf [2, Sec. 3.4].

For a centered Gaussian state p,, with covariance <y, the two marginals are Gaussian. Hence

1
F(p,) = log(2me) + 5 log det . 3)
2. An exact Gaussian counterexample
Main result. There exist two physical centered one-mode Gaussian states pg and pps such that

po+p F(po) + F(pm)
F<02M>< 0 . M

Consequently, F is not concave.

Theorem 1. For every M > 4097 /4, consider centered Gaussian states with covariance matrices

1 < M M%) "
70:72/ ’)/M: 1 .
2 M-} M



Hertz—Jabbour—Cerf concavity assumption Preliminary note

Both matrices are physical, and the corresponding states violate (2) at A = % In particular, M = 4096 gives an
explicit example with integer parameter M.

Proof. Writing QO = ( %, }), the one-mode physicality condition is

7+%on & =0 and det'yzi

under the convention above, after rescaling the quadrature convention used in [3]. Here
1 1
det"}/o—i, det"}/M—Mfi,
while the eigenvalues of v, are % and 2M — % Thus both matrices in (4) define valid Gaussian states.
Equation (3) gives
F(po) = log(ree), ©)

F(pm) = log(2me) + %log (M - i) . (6)

Setp := %(po + pm). Because both states are centered, its covariance matrix is

. _Yotavm _ fa ¢ _M—f—% _M—%
7_2_<C a)/ Q—T, c= 5 (7)
In particular,
- M
dew:(a—c)(nﬂ—c):?. (8)
Each position or momentum marginal of ¢ has density
1 1 1 2
q= 54’1/2 + EGDM' Polt) := o exp<—20) / ©)

Substituting (7)—(9) into (1) yields
1 M
F(p) = 2h(q) —loga + 5 log 5> (10)

Let Z ~ Bernoulli(%) select the component in (9), and let the classical random variable Y | Z have the
selected Gaussian law. The identity h(Y) = h(Y | Z) + I(Y; Z), together with I(Y;Z) < H(Z) = log?2,
gives

h(q) < log2+ 2h(gr2) + Sh(pu). a

Since h(¢,) = 3 log(27ev), equations (10) and (11) imply the explicit analytic bound

16M
0) < — .
F(p) < log(re) +log<2M+l> (12)
On the other hand, (5)—(6) give
F(po) + Flou) _ 1 1 1
7 = log(me) + 5 log2 + 1 log( M 1) (13)
The upper bound in (12) is strictly smaller than (13) whenever
16M \*
<2M+1) <4M —1. (14)
For every M > 4097 /4, the fraction 16 M/ (2M + 1) is smaller than 8, and
16M \*
<2M+1> < 8% =4096 < 4M —1.
Thus (14) holds, proving the strict reverse of midpoint concavity. O
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3. Scope, priority, and Al assistance

The conditional argument in [1, 2] uses both a pure-state minimization claim and concavity of F. The
present construction invalidates only the full concavity premise as written. Since pj is mixed, it does
not rule out a weaker Jensen property restricted to pure-state ensembles. It neither disproves the
proposed entropy-power uncertainty inequality nor resolves the separate Wigner-entropy conjecture;
the equal-covariance special case also remains intact.

Priority caveat. As of 1 August 2026, citation-chain and exact-formula searches found no
prior indexed proof, counterexample, or matching construction. This is not proof of priority:
unindexed manuscripts, correspondence, and historical social-media posts may have been
missed. We make no claim of being first pending author contact and independent expert review.

Provenance and verification. This working note records a counterexample identified and initially
drafted with substantial assistance from OpenAl Codex in ChatGPT (GPT-5.6 Sol), including literature
searching and algebraic checking. These checks were Al-assisted and do not constitute independent
expert verification; correctness and priority remain subject to review.
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